Abstract. Renormalized fixed-point Hamiltonians are formulated for systems described by interactions that originally contain point-like singularities (as the Dirac-delta and/or its derivatives). They express the renormalization group invariance of quantum mechanics. The present approach for the renormalization scheme relies on a subtracted T-matrix equation.
Introduction
The interest in the application of effective theories to represent a more fundamental theory, as Quantum ChromoDynamics (QCD), has increased recently. The program suggested in Ref. [1] is of particular interest, as it allows one to parameterize the physics of the high momentum states and work with effective degrees of freedom. The idea is to use an effective renormalized Hamiltonian that, in the interaction between low-momentum states, includes the coupling with high momentum states. The renormalized Hamiltonian carries the physical information contained in the quantum system in states of high momentum. In the nuclear physics context, the use of effective interactions containing singularities at short distances is motivated by the development of a chirally symmetric nucleon-nucleon interaction, which contains contact interactions (Dirac-delta and its higher order derivatives) [2] .
Singular contact interactions have also been considered in specific renormalization treatments of scaling limits and correlations between low-energy observables of three-body systems (in atomic and nuclear physics) [3] [4] [5] [6] . A general nonperturbative renormalization procedure, via subtracted kernel, was proposed in Ref. [4] , and applied to the one-pion-exchange potential supplemented by contact inter-actions [5] . The singlet and triplet scattering lengths are given to fix the renormalized strengths of the contact interactions. Considering only one scaling parameter, the results that were obtained show an overall very good agreement with neutronproton data, particularly for the observables related to the triplet channel. In this example, we noticed that the mixing parameter of the 3 S 1 -3 D 1 states is the most sensible observable related to the renormalization scale.
The above approach, where the nonrelativistic scattering equation with singular interaction is renormalized through a subtraction procedure at a given energy scale, lead us to propose a scheme to formulate renormalized (fixed-point) Hamiltonians in quantum mechanics. The numerical diagonalization of the regularized form of the fixed-point Hamiltonian for a two-body system with a Yukawa plus a Dirac-delta interaction is illustrated in the present work. The eigenvalues for the system are shown to be stable in the infinite momentum cutoff. This example is discussed in more detail in Ref. [7] , where the explicit form of the renormalized potential, for an example of of a four-term singular bare interaction, is also derived. Recently, the present renormalization scheme was applied to three-body halo nuclei, and also to an effective QCD-inspired theory of mesons [6] .
The renormalization approach takes advantage of a method for solving scattering integral equations, where a kernel subtraction was considered to reduce the strength of the kernel of the integral equation [8] . We perform n subtractions in the free propagator of the singular scattering equation, where n is the smallest number necessary to regularize the integral equation. The unknown short range physics related to the divergent part of the interaction, are replaced by the renormalized strengths of the interaction, that are known from the scattering amplitude at some reference energy. So, the renormalization scale is given by an arbitrary subtraction point. And a sensible theory of singular interactions exists if and only if the subtraction point slides without affecting the physics of the renormalized theory [9] . The subtraction point is the scale at which the quantum mechanical scattering amplitude is known.
A renormalized "fixed-point" Hamiltonian should have the property to be stationary in the parametric space of Hamiltonians, as a function of the subtraction point. This property is realized through the vanishing derivative of the renormalized Hamiltonian, in respect to the renormalization scale. This implies in the independence of the T-matrix in respect to the arbitrary subtraction scale, and in the renormalization group equations (RGE) for the scattering amplitude.
The driving term of the n-subtracted scattering equation changes as the subtraction point moves due to the requirement that the physics of the theory remains unchanged. It satisfies a quantum mechanical Callan-Symanzik (CS) equation, a first order differential equation in respect to the renormalization scale. Our aim is to show how one should obtain the renormalized (fixed-point) Hamiltonian for a quantum mechanical system consistent with the subtracted renormalized scattering equation.
Formalism
The renormalized (fixed-point) Hamiltonian can be defined by the sum of the free Hamiltonian H 0 and the effective interaction V R , as
H R and V R are understood as 'fixed-point' operators. The corresponding T-matrix equation is given by the Lippmann-Schwinger equation for the interaction V R ,
From the expression of V R , we should be able to derive the n-subtracted T-matrix equation, the perturbative renormalization of the T-matrix, and the CS equation satisfied by the driving term of the subtracted form of the scattering equation.
Considering the renormalization approach presented in [4] , V R is given in terms of the driving operator of the nth order subtracted equation. For an arbitrary energy E, the driving operator is given by V (n) (−µ 2 ; E), where −µ 2 is the subtraction point in the energy space, that for convenience is chosen to be negative. n is the number (order) of subtractions necessary for a complete regularization of the theory. The nth order subtracted equation for the T-matrix, and also the driving term
are, respectively, given by
is the free Green's function corresponding to forward propagation in time. The higher-order singularities of the two-body potential are introduced in the driving term of the nth order subtracted T-matrix through V (n) sing (−µ 2 ), that is determined by physical observables. To obtain an expression for the fixed-point interaction V R , we first move the second term in the rhs of Eq. (3) to the lhs; next, we add in both sides a term containing the driving term multiplied by the free Green's function and the Tmatrix:
Multiplying the above equation by the inverse of the operator that is inside the square-brackets, we can identify the fixed-point interaction V R . So, in order to have T R (E) = T (E),
By doing this, we are identifying the fixed-point Hamiltonian, Eq. (1) in our renormalization scheme. One could observe that the above fixed-point interaction is not well defined for singular interactions; nevertheless, the corresponding T-matrix is finite, as shown from the equivalence with the nth order subtracted equation for the T-matrix. Essentially, the renormalization subtraction procedure for the T-matrix was instrumental to write the renormalized fixed-point interaction given in Eq. (7). Considering the observed equivalence, our T-matrix refers to the renormalized one (T = T R ), and the index R can be dropped. The physical information that apparently is lost due to the subtractions in the intermediate free propagator is kept in V (n) . In the case of the two-body system, it contains the renormalized coupling constants of the singular part of the interaction, given at some energy scale −µ 2 . We should also notice that one subtraction in the kernel of the integral equation is enough to obtain meaningful physical results from a T-matrix that contains a Dirac-delta interaction; and at least three subtractions are necessary if the singularity of the interaction corresponds to the Laplacian of the Dirac-delta function. In the case of a non-singular short-range interaction (V ) for which V (n) sing = 0, we immediately identify that V R = V , which is not surprising since the renormalized T-matrix is the T-matrix obtained from the conventional Lippmann-Schwinger equation.
We have defined a nonperturbative renormalized interaction V R . But what about the perturbative expansion of the renormalized T-matrix in powers of V (n) ? One can easily show that, the renormalized interaction contains the necessary counter-terms in each perturbative order. This can be answered by performing the expansion of the renormalized interaction V R in powers of V (n) of order m. Consequently, for each order m, one can obtain the corresponding perturbative expansion:
Each intermediate state propagation up to order m is subtracted at the energy scale −µ 2 . This shows that the fixed-point Hamiltonian includes the necessary counterterms in each perturbative order, which impose a subtraction of each intermediate propagation in the perturbative expansion of the scattering amplitude.
The subtraction point is arbitrary in the definition of the renormalized interaction and in principle it can be moved. The change in the subtraction point requires the knowledge of the driving term V (n) at the new energy scale. The renormalization group method can be used to arbitrarily change this prescription constrained by the invariance of the physics under dislocations of the subtraction point. This condition demands V R to be independent on the subtraction point. It gives a definite prescription to modify V (n) . The renormalized Hamiltonian does not depend on µ; it is a fixed-point Hamiltonian in this respect. This implies that the T-matrix also does not dependent on µ:
∂V R ∂µ 2 = 0 , ∂H R ∂µ 2 = 0 and
The renormalization group equation, satisfied by the running driving term V (n) in respect to the sliding subtraction point, implies:
Thus, the nonrelativistic Callan-Symanzik equation (10) reflects the invariance of the subtracted scattering equation under the modification of the subtraction point. The boundary condition is given by V (n) = V (n) (−µ 2 ; E) at the reference scale µ. The V (n) , obtained by solving Eq. (10), is equal to the T-matrix for E = −µ 2 , relating the sliding scale to the energy dependence of the T-matrix itself. For n = 1, Eq. (10) is the differential form of the renormalized equation for the T-matrix,
In the next section, we illustrate the present approach.
Renormalized Hamiltonian Diagonalization
Consider a two-body interaction with a Yukawa plus Dirac-delta:
(12) λ δ is the singular part of the renormalized or fixed point interaction and η is a constant that is given by the inverse of the range of the regular part of the interaction. The strength λ δ can be derived from the full renormalized T-matrix:
By defining the T-matrix of the regular potential V as
one can easily obtain
In this case, one subtraction is enough to render finite the theory. At the subtraction point, it defines the T-matrix of Eq. (4) for n = 1 [T R (E = −µ 2 ) = V (1) .] The denominator of the second term, at E = −µ 2 , is defined by a constant C −1 (−µ 2 ):
where
The fixed-point structure of the renormalized potential (12), ∂V R /∂µ 2 = 0 ∂λ δ /∂µ 2 = 0 , defines the functional form of C(−µ 2 ) on the subtraction point:
In case that µ 2 is chosen to be one of the binding energies of the physical system, µ 2 = µ 2 B , and C −1 (−µ 2 B ) = 0. So, we obtain
A momentum cutoff Λ was included through the step function Θ(x) (defined as 0 for x < 0 and 1 for x > 0). With Λ assuming its exact limit (infinite), λ δ contains the divergences in the momentum integrals that exactly cancels the infinities that appears in the original Lippmann-Schwinger equation. The role of the cutoff Λ is just of a regulator of the integrals. At the end, it should disappear in a simple limit ∞, without affecting the physical results. It is introduced for practical purpose, as all the divergences will be canceled in the infinite momentum cutoff, where the theory makes sense. The relevant scale parameter, where the physical information is supplied, is the energy-point −µ 2 B . However, the results are not affected by a specific choice of the position of the subtraction point [7] . Once V R is defined, we can perform the numerical diagonalization of the fixed-point Hamiltonian and obtain the bound states ε. The corresponding Schrödinger equation, in the s-wave, and in units such thath 2 /(2m) = 1, can be written as
where λ δ , given by the renormalization prescription, keeps constant µ 2 B , chosen as one of the bound-state energies. To solve this example, we first choose arbitrarily,
a regular reference potential, with η 2 = 0.01 and η The reference potential (21) produces three bound-state energies:
Next, the short-range part of the reference potential is replaced by the singular Dirac-delta interaction. The singular interaction together with the long-range part is renormalized with the physical condition being supplied by one of the boundstate energies, that will define the subtraction point −µ 2 . At the same time that µ 2 is regularizing the formalism, via a subtraction procedure, it is also carrying the relevant physical information. The results for the eigenvalues are presented in Fig. 1 . In order to define −µ 2 , we have considered the ground-state energy; but, for this purpose, we could also use another low-energy observable, as one of the excited states. The other two binding energies result from the diagonalization of the renormalized Hamiltonian. µ, Λ, and |ε| are given in units of momentum. The results are stable when Λ → ∞, and converge to the exact values, that can be , are shown to converge to the same exact results, in the limit Λ → ∞ (Λ = momentum cut-off), irrespectively to the value of the energy-scale parameter −µ 2 that is used to renormalize the theory. One of the three bound-state energies is used to define the subtraction point −µ 2 ; the other two result from the diagonalization of the renormalized Hamiltonian. µ, Λ and |ε| are given in units of momentum.
given by the real poles of the T-matrix:
This example gives a simple demonstration that the renormalized Hamiltonian does not depend on the choice of µ; it is a fixed-point Hamiltonian in this respect. The cutoff Λ, used as an instrumental regulator, disappears as a natural infinite limit of the integrals, where all the infinities presented in the formalism are canceled.
The present Hamiltonian renormalization, and also the case of renormalization of a system with higher order singular interaction, is presented in more detail and discussed in Ref. [7] . The approach is also being considered in examples of threeatom systems.
Summary and Conclusions
As shown, the renormalized "fixed-point" Hamiltonian emerges as a consequence of the renormalized n-subtracted scattering equation for the T-matrix. It does not depend on the position of the subtraction point, −µ 2 , where the physical information is supplied to the theory. So, it naturally includes the renormalization group invariance properties of quantum mechanics with singular interactions, as expressed by the nonrelativistic Callan-Symanzik equation. The range of applicability of renormalized Hamiltonians goes from atomic and nuclear physics models to effective theories of QCD. One should note that, in the present approach, the invariance of the Hamiltonian is with respect to a subtraction energy scale, in the limit of infinite momentum cutoff.
The present renormalization approach is particularly useful when several discrete eigenvalues are possible, since it can be diagonalized, in a regularized form, in order to obtain physical observables that are well defined in the infinite cutoff limit.
